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MINIMAL DILATATION IN PENNER’S CONSTRUCTION
LIVIO LIECHTI
Abstract. For all orientable closed surfaces, we determine the minimal di-
latation among mapping classes arising from Penner’s construction. We also
discuss generalisations to surfaces with punctures.
1. Introduction
Thurston’s famous classification states that an irreducible mapping class is
either periodic or pseudo-Anosov [11]. A mapping class φ is a diffeomorphism
of a surface of finite type, up to isotopy relative to the boundary. It is periodic
if it has a periodic representative and pseudo-Anosov if it has a pseudo Anosov
representative, i.e. there exist two invariant transverse measured foliations such
that this representative stretches one of them by some real number λ > 1 and
the other by λ−1. The number λ is the dilatation of a pseudo-Anosov mapping
class φ.
In this article, we consider dilatations arising from Penner’s construction of
pseudo-Anosov mapping classes [6]. By a result of Leininger, the dilatation of
any such mapping class is bounded from below by
√
5, see the appendix of [5].
However, Leininger states that this bound is not sharp. For every orientable
closed surface, we give the optimal lower bound and determine a pseudo-Anosov
mapping class arising via Penner’s construction realising it.
Theorem 1. On an orientable closed surface Σg of genus g ≥ 1, the minimal
dilatation among mapping classes arising from Penner’s construction is
λg = 2− cos
(
2g − 1
2g + 1
pi
)
+
√
3− 4cos
(
2g − 1
2g + 1
pi
)
+ cos2
(
2g − 1
2g + 1
pi
)
.
Furthermore, the dilatation λg is realised by the Coxeter mapping class associated
to the Coxeter graph (A2g,±) with alternating signs.
Recent results deal with Galois conjugates of dilatations arising from Penner’s
construction. For example, they lie dense in the complex plane by a theorem of
Strenner [10]. On the other hand, Shin and Strenner showed that they cannot
lie on the unit circle and used their result to disprove Penner’s conjecture that
every pseudo-Anosov mapping class has a power arising via his construction [8].
Remark 2. The sequence λg of minimal dilatations among mapping classes aris-
ing via Penner’s construction for g ≥ 1 is monotonically increasing in g. This
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follows directly from the formula given in Theorem 1, since −cos(2g−12g+1pi) is mono-
tonically increasing in g ≥ 1. Thus, the minimum among all dilatations arising
from Penner’s construction is
λ1 =
3 +
√
5
2
,
the square of the golden ratio, and is geometrically realised by the monodromy of
the figure eight knot. Furthermore, since −cos(2g−12g+1pi) converges to 1 as g → +∞,
the sequence λg converges to the limit
lim
g→∞λg = 3 + 2
√
2,
the square of the silver ratio.
Remark 3. One way to describe the minimising Coxeter mapping class φg with
alternating-sign Coxeter graph (A2g,±) is the following: Let Σg be a closed
surface of genus g. Let α and β be two multicurves in Σg, with g components
each, that intersect with the pattern of the Dynkin tree A2g. For g = 3, this is
depicted in Figure 1. Then φg is the mapping class given by a negative Dehn
Figure 1.
twist along all components of β, followed by a positive Dehn twist along all
components of α. Manifestly, the mapping classes φg also arise via Thurston’s
construction [11]. The connection to Coxeter mapping classes will be made more
precise in Section 2.
1.1. Penner’s construction. Let Σ be an oriented surface of finite type and
let γ ⊂ Σ be a simple closed curve. A Dehn twist along γ is a mapping class
with a representative supported in an annular neighbourhood of γ, sending an
arc crossing γ to an arc crossing γ but also winding around γ once. Dehn twists
come in two flavours: positive if the winding is in the counterclockwise sense and
negative if the winding is in the clockwise sense. This does not depend on the
orientation of γ but only on the orientation of Σ. We write T+γ for the positive
and T−γ for the negative Dehn twist along γ, respectively. A multicurve γ on Σ
is a disjoint union of simple closed curves γi ⊂ Σ. We now describe Penner’s
construction. Let α = α1 ∪˙ · · · ∪˙ αn and β = β1 ∪˙ · · · ∪˙ βm be two multicurves
(without parallel components) which intersect minimally and whose union fills
Σ, i.e. the complement consists of discs and once-punctured discs. Furthermore,
let φ be a product of positive Dehn twists T+αi and negative Dehn twists T
−
βj
such
that every component of the multicurves α and β gets twisted along at least
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once. By a theorem of Penner, such a mapping class φ is pseudo-Anosov and the
dilatation of φ can be obtained as follows [6]. Let
Mαi = I +Rαi ,
Mβj = I +Rβj ,
where I is the identity matrix of size (n+m)×(n+m). Furthermore, the matrices
Rαi and Rβj are obtained from the geometric intersection matrix of the curves
{α1, . . . , αn, β1, . . . , βm}, (
0 X
X> 0
)
≥ 0,
by setting all entries to zero which are not in the row corresponding to αi or βj ,
respectively. Then the dilatation λ of φ is the Perron-Frobenius eigenvalue of the
matrix product Mφ ≥ 0 corresponding to the product φ of Dehn twists [6].
1.2. Outline. As a first step in the proof of Theorem 1, we recall the important
notions concerning Coxeter mapping classes in Section 2. This will provide us
with examples of mapping classes arising via Penner’s construction. In particular,
we will calculate the dilatation of the Coxeter mapping class corresponding to
the alternating-sign Coxeter graph (A2g,±) in Proposition 5. Having calculated
these dilatations allows us to neglect all mapping classes for which we can deduce
larger dilatation. Section 3 is devoted to this task: in Proposition 6, we show
that we can disregard the case where two components of the multicurves used in
Penner’s construction intersect more than once, essentially reducing the problem
to a question about alternating-sign Coxeter mapping classes. Using monotonic-
ity of the spectral radius under Coxeter graph inclusion in Proposition 7, we
are able to exclude almost all Coxeter graphs that do not correspond to a finite
Dynkin diagram. For pairs of multicurves that intersect with the pattern of a
graph that we did not rule out, we study in Section 4 which surfaces their union
can fill. This finally allows us to finish the proof of Theorem 1 by calculating the
dilatations of very few small genus examples. We round off in Section 5, where
we hint at generalisations to surfaces with punctures, discuss difficulties and ask
about asymptotic behaviour.
Acknowledgements. I would like to thank Sebastian Baader, Pierre Dehornoy
and Eriko Hironaka for insightful discussions and suggestions. I would also like
to thank Bala´zs Strenner and the referee for helpful comments.
2. Coxeter mapping classes
Let Γ be a finite connected graph without loops or double edges and let s be
an assignment of a sign + or − to every vertex vi of Γ. Such a pair (Γ, s) is called
a mixed-sign Coxeter graph, cf. [3]. To such a pair, we will associate certain
products of reflections. Let RVΓ be the real vector space abstractly generated by
the vertices vi of Γ. We equip R
VΓ with the symmetric bilinear form B, given
by B(vi, vi) = −2s(vi) and B(vi, vj) = aij , where aij is the ij-th entry of the
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adjacency matrix A(Γ) of Γ. To every vertex vi, we associate a reflection si
about the hyperplane in RVΓ perpendicular to vi,
si(vj) = vj − 2B(vi, vj)
B(vi, vi)
vi.
A product of the si containing every si exactly once is called a Coxeter trans-
formation associated to the pair (Γ, s). For arbitrary graphs Γ, this product
is highly non-unique. If Γ is a tree, however, the Coxeter transformation is
uniquely determined up to conjugation [9]. This allows us to talk about “the”
Coxeter transformation associated to a pair (Γ, s) in case Γ is a tree. For our pur-
poses, the most important examples of trees are the simply laced finite Dynkin
diagrams, depicted in Figure 2.
An
Dn
E6
E7
E8
Figure 2. The Dynkin diagrams An, Dn, E6, E7 and E8.
In the following, two kinds of sign assignments s will be of interest to us: all
signs s positive, written (Γ,+), which is the case we call classical, and signs s that
give a bipartition of the (necessarily bipartite) graph Γ, written (Γ,±), which is
the case we call alternating-sign.
In the case of classical Coxeter trees (Γ,+), A’Campo realised the Coxeter
transformation, up to a sign, as the homological action of a mapping class given
by the product of two positive Dehn twists along multicurves that intersect each
other with the pattern of Γ, see [2]. Similarly, in the case of alternating-sign
Coxeter trees (Γ,±), Hironaka and the author realised the Coxeter transforma-
tion, up to a sign, as the homological action of a mapping class given by the
product of two Dehn twists of opposite signs along multicurves that intersect
each other with the pattern of Γ, see [4]. We call these mapping classes Coxeter
mapping classes. Two observations are of special interest for us. Firstly, the Cox-
eter mapping classes φ built by Hironaka and the author also arise via Penner’s
construction. Indeed, the union of the constructed multicurves fills the surface
(which has boundary, along which we glue in discs to land in the setting we are
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considering) and components intersect at most once, hence their intersection is
minimal. Secondly, the given matrix describing the homological action of φ equals
the corresponding matrix product Mφ of Penner’s construction described in Sec-
tion 1.1, see [4]. We deduce that for such a mapping class φ realising the Coxeter
transformation associated to (Γ,±), the dilatation equals the spectral radius of
the Coxeter transformation associated to (Γ,±). This will greatly simplify our
calculations.
Example 4. Let (Γ,±) be the 4-cycle graph with alternating signs, as depicted
in Figure 3. There are, up to conjugation, two Coxeter transformations: the one
v1v2
v3 v4
+−
+ −
Figure 3.
corresponding to the bipartite order, s1s3s2s4, and the one corresponding to the
cyclic order, s1s2s3s4. Two quick calculations confirm that their spectral radii
are equal to and greater than 3 + 2
√
2, respectively.
Proposition 5. The Coxeter mapping class φg realising the Coxeter transforma-
tion of the alternating-sign Coxeter tree (A2g,±) has dilatation
2− cos
(
2g − 1
2g + 1
pi
)
+
√
3− 4cos
(
2g − 1
2g + 1
pi
)
+ cos2
(
2g − 1
2g + 1
pi
)
< 3 + 2
√
2.
Proof. Let Γ be a finite tree. By a theorem of A’Campo [1], the eigenvalues µi
of the classical Coxeter transformation corresponding to (Γ,+) are related to the
eigenvalues αi of the adjacency matrix A(Γ) of Γ by the equation
α2i = 2 + µi + µ
−1
i .
On the other hand, Hironaka and the author showed that the eigenvalues λi of the
Coxeter transformation corresponding to the Coxeter tree (Γ,±) with alternating
signs are related to the eigenvalues αi of A(Γ) by the equation
α2i = −2− λi − λ−1i ,
see [4]. Combined, we get that the µi and the λi are related by
λi + λ
−1
i = −4− µi − µ−1i .(1)
The transition from the Coxeter transformation to the homological action of the
associated Coxeter mapping class requires the addition of a minus sign, see [2, 4].
We slightly abuse notation and again write µi and λi for the eigenvalues of the
homological actions of the associated Coxeter mapping classes. Including the
necessary minus signs, the relation (1) translates to
λi + λ
−1
i = 4− µi − µ−1i ,(2)
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which is a relation we will make good use of. The Coxeter mapping class cor-
responding to the classical Coxeter tree (A2g,+) is the monodromy of the torus
knot T (2, 2g + 1), see [2]. On the other hand, the characteristic polynomial of
the homological action of the monodromy equals the Alexander polynomial ∆(t),
see e.g. [7], which is well-known for torus knots T (2, 2g + 1):
∆(t) =
(t4g+2 − 1)(t− 1)
(t2g+1 − 1)(t2 − 1) .
All roots of ∆(t) lie on the unit circle. It follows that the right side of (2) is real.
Furthermore, it is maximised for the root of ∆(t) with smallest real part, which
is µ = ξ2g−14g+2 , where ξ4g+2 = exp (
2pii
4g+2) ∈ S1. The real part of µ is
Re(µ) = cos
(
2g − 1
2g + 1
pi
)
> −1.
Now let λ be the largest root of the homological action of the Coxeter mapping
class associated to the Coxeter tree (A2g,±) with alternating signs. By (2), we
obtain the quadratic equation
λ+ λ−1 = 4− 2Re(µ),
whose larger solution λ is given by
λ = 2− Re(µ) +
√
3− 4Re(µ) + Re(µ)2 < 3 + 2
√
2.
Inserting the value of Re(µ) given above yields the claimed result. 
3. Two dilatation bounds for Penner’s construction
As a product of non-negative matrices of the form (I + Rαi) and (I + Rβj ),
the matrix product Mφ of Penner’s construction described in Section 1.1 is non-
negative as well. This allows us to use Perron-Frobenius theory. The one standard
fact we repeatedly use is the following. If a non-negative matrix M is entrywise
greater than or equal to another non-negative matrix N , written M ≥ N , then
the spectral radius of M is greater than or equal to the spectral radius of N . We
directly observe that the dilatation among mapping classes arising from Penner’s
construction is minimised by products of Dehn twists such that every component
of the multicurves α and β gets twisted along exactly once. Propositions 6 and 7
give lower bounds for the dilatation of mapping classes arising from Penner’s
construction using certain pairs of multicurves α and β.
Proposition 6. In Penner’s construction, if two components αi and βj of the
multicurves α and β intersect at least twice, then any resulting pseudo-Anosov
mapping class has dilatation greater than or equal to 3 + 2
√
2.
Proof. Let φ be a pseudo-Anosov mapping class arising from Penner’s construc-
tion using the multicurves α and β. Denote by Mφ the matrix product associated
to φ in Penner’s construction. Furthermore, we suppose that two components αi
and βj of α and β intersect x ≥ 2 times. Without loss of generality, we assume
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that T+αi appears in the product φ before T
−
βj
. From the definition, we directly
obtain
Mφ ≥ (I +Rαi)(I +Rβj ).
Up to a change of base (permuting the basis elements such that the first two basis
elements correspond to αi and βj), we have
(I +Rαi)(I +Rβj ) =
1 x ∗0 1 0
0 0 In+m−2
1 0 0x 1 ∗
0 0 In+m−2

≥
1 + x2 x 0x 1 0
0 0 In+m−2
 = M(x).
For x = 2, the largest eigenvalue of M(x) is exactly 3 + 2
√
2. The statement now
follows from monotonicity of the spectral radius of non-negative matrices under
“≥”. 
Proposition 7. In Penner’s construction, if the multicurves α and β intersect
with the pattern of a graph that contains an affine Dynkin diagram D˜n, E˜6,
E˜7 or E˜8 as a subgraph, then any resulting pseudo-Anosov mapping class φ has
dilatation greater than or equal to 3 + 2
√
2.
D˜n
E˜6
E˜7
E˜8
Figure 4. The affine Dynkin diagrams D˜n, E˜6, E˜7 and E˜8.
Proof. Let φ be a pseudo-Anosov mapping class arising from Penner’s construc-
tion using multicurves α and β that intersect with the pattern of a graph that
contains an affine Dynkin diagram Γ = D˜n, E˜6, E˜7 or E˜8 as a subgraph. As ob-
served at the beginning of this section, we can assume every component of the
multicurves α and β to be twisted along exactly once. Let Mφ be the correspond-
ing matrix product described in Penner’s construction. Furthermore, let MΓ be
the subproduct associated to the curve components corresponding to the vertices
of Γ. We have Mφ ≥ MΓ. The spectral radius of MΓ is in turn an upper bound
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for the dilatation λ of the alternating-sign Coxeter mapping class associated to
(Γ,±). We calculate this dilatation λ knowing that it equals the spectral radius
of the homological action and use (2) from the proof of Proposition 5. Since
(Γ,+) is an affine Coxeter graph, the homological action of the classical Coxeter
mapping class associated to (Γ,+) has all eigenvalues on the unit circle, with one
eigenvalue −1, see [1]. We obtain λ+ λ−1 = 6, which yields λ = 3 + 2√2. 
4. Filling pairs of multicurves
Let Σg be an orientable closed surface of genus g. A pair of multicurves α
and β whose union fills Σg induces a cell decomposition of Σg: the 0-cells are the
intersection points of α and β, the 1-cells are the connected components of α∪ β
without the intersection points and the 2-cells are the connected components of
the complement of α∪β. In particular, the contribution of the 0-cells and 1-cells
to the Euler characteristic can be directly deduced from the intersection graph of
α and β. In order to know the number of 2-cells, additional information on the
framing of the curves might be necessary. For a pair of multicurves that intersect
with the pattern of a tree, however, the number of 2-cells does not depend on
the framing and can thus be calculated directly from the tree. For the Dynkin
diagram An, the number of 2-cells of the induced cell decomposition is two if n is
odd and one if n is even. We directly deduce which closed surfaces can be filled by
a pair of multicurves that intersect with the pattern of the Dynkin diagram An.
Lemma 8. The union of two multicurves α and β that intersect with pattern
A2g or A2g+1 can only fill a closed surface of genus g.
We proceed similarly for the Dynkin diagram Dn: the number of 2-cells of the
induced cell decomposition is two if n is odd and three if n is even. This yields
the following result.
Lemma 9. The union of two multicurves α and β that intersect with pattern
D2g+1 or D2g+2 can only fill a closed surface of genus g.
If the intersection graph of two multicurves α and β contains a cycle, the
number of 2-cells may well depend on the framing of the curves. Since the Euler
characteristic of an orientable closed surface is even, we can still deduce the parity
of the number of 2-cells directly from the graph. For example, we obtain that the
number of 2-cells of a cell decomposition induced by a pair of multicurves α and
β that intersect like a 2n-cycle is even and hence at least two. Again, we directly
deduce information about the genus of a surface filled that way.
Lemma 10. The union of two multicurves α and β that intersect with the pattern
of a 2g-cycle can only fill closed surfaces of genus at most g.
4.1. Proof of Theorem 1. Let Σg be an orientable closed surface of genus g. As
we have seen in Proposition 5, there exists a mapping class φg on Σg that arises
via Penner’s construction and has dilatation λg < 3 + 2
√
2. Hence, if we want
to find the minimal dilatation of mapping classes on Σg arising from Penner’s
construction, we can discard all pairs of multicurves α and β that always yield
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dilatations greater than or equal to 3 + 2
√
2. By Proposition 6, this excludes
pairs of multicurves α and β with components αi and βj that intersect more than
once. Furthermore, by Proposition 7, this rules out pairs of multicurves α and β
that intersect with the pattern of a graph that contains an affine Dynkin diagram
D˜n, E˜6, E˜7 or E˜8 as a subgraph. In Example 3, we have seen that the spectral
radius of any Coxeter transformation associated to the 4-cycle with alternating
signs is greater than or equal to 3+2
√
2. With the same reasoning as in the proof
of Proposition 7, pairs of multicurves α and β that intersect with the pattern of
a graph that contains a 4-cycle as a subgraph can be disregarded.
Figure 5. The enriched 6-cycle.
The only intersection patterns of a pair of multicurves α and β we still have
to consider are the Dynkin diagrams An, Dn, E6, E7, E8, the 2n-cycle and the
enriched 6-cycle, depicted in Figure 5. By Lemma 8, Lemma 9 and Lemma 10,
every An, Dn and 2n-cycle encoding the intersections of a pair of multicurves
α and β that fill Σg contains A2g as a subgraph. In particular, the dilatations
arising via Penner’s construction using these multicurves are greater than or equal
to the dilatation of the Coxeter mapping class φg associated to the Coxeter tree
(A2g,±) with alternating signs. This proves Theorem 1 for g ≥ 5, since the
union of two multicurves α and β intersecting with the pattern of E6, E7, E8
or the enriched 6-cycle can only fill a surface of genus g ≤ 4. The only thing
left to deal with are these exceptional four graphs. We note that the enriched
6-cycle contains E7 as a subgraph. Thus, the dilatation of any Coxeter mapping
class associated to the enriched 6-cycle with alternating signs is greater than or
equal to the dilatation of the Coxeter mapping class associated to (E7,±). For
these remaining four graphs, we simply calculate the dilatation of their associated
alternating-sign Coxeter mapping classes and compare them to the dilatation of
the Coxeter mapping classes φg associated to (A2g,±). Table 1 sums up the
situation. It is apparent that the Coxeter mapping classes associated to the
graph genus of surface filled dilatation
A6 3 ≈ 5.049
A8 4 ≈ 5.345
E6 3 ≈ 5.552
E7 3 ≈ 5.704
E8 4 ≈ 5.783
enriched 6-cycle ≤ 4 > 5.7
Table 1.
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Coxeter graphs (A2g,±) with alternating signs minimise the dilatation also for
closed surfaces of genus g ≤ 4. This completes the proof of Theorem 1.
5. Surfaces with punctures
Let λg,p be the minimal dilatation among mapping classes arising from Penner’s
construction for an orientable surface Σg,p of genus g with p punctures. Up to
now, we have determined λg,0. We remark that our proof works exactly the same
for λg,1. This yields λg,0 = λg,1. If the number of punctures is small, say p ≤ 4,
it is conceivable that adjustments to our argument could be made, revealing
alternating-sign Coxeter mapping classes associated to An, Dn or the 2n-cycle to
minimise dilatation among mapping classes arising from Penner’s construction.
However, if the number of punctures increases, our examples cannot fill Σg,p
any longer and it seems that dilatations should become greater than 3 + 2
√
2.
In particular, our simplifications in the form of Propositions 6 and 7 fail and
many more cases would have to be considered: intersection patterns with affine
subgraphs, loops, multiple edges and additional information on the framing of
the corresponding curves.
Remark 11. The numbers λg,p are bounded from above by a constant that does
not depend on g and p. Figure 6 depicts two multicurves α and β that intersect
minimally and fill a sphere with eight punctures. Analogous examples can be
constructed for any number of punctures. Furthermore, we can combine this
Figure 6.
example with our minimising examples for closed surfaces, as depicted in Figure 1,
such that the components of the multicurves still intersect along a path. Let φ
be the product of Dehn twists along the components of the multicurves given by
the bipartite order, with alternating signs. Since the multicurves intersect with
the pattern of a path and each pair of components intersects at most twice, it
is a direct observation that there exists a constant c such that every row sum of
the matrix product Mφ of Penner’s construction is bounded from above by c. In
particular, the Perron-Frobenius eigenvalue of Mφ and thus also the dilatation of
φ is bounded from above by c.
If g is large compared to p, filling multicurves α and β as in Remark 11, but
with additional properties can be found. For example, multicurves α and β with
only single intersections among components. Furthermore, α and β can be chosen
to intersect with the pattern of a tree with vertices of degree at most three. This
results in a smaller constant than c from Remark 11 bounding the row sums of
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the matrix product Mφ corresponding to the associated alternating-sign Coxeter
mapping class φ.
Remark 12. In general, for a fixed p, the function λg,p is not increasing in g.
Indeed, we have
λ0,3 = 3 + 2
√
2 > λ1,3.
The equality on the left follows from the following observation. If two simple
closed curves on the sphere with three punctures intersect, then they intersect
at least twice by the Jordan curve theorem. In particular, on the sphere with
three punctures, pseudo-Anosov mapping classes arising from Penner’s construc-
tion have λ ≥ 3 + 2√2 by Proposition 6. On the other hand, it is possible to fill
the sphere with three punctures by two simple closed curves intersecting exactly
twice. The product of two Dehn twists along these curves realises λ0,3 = 3+2
√
2.
The inequality on the right follows from the fact that the torus with three punc-
tures can be filled by a pair of multicurves that intersect with the pattern of the
Dynkin diagram D4, whose associated alternating-sign Coxeter transformation
has spectral radius strictly smaller than 3 + 2
√
2.
Even though λg,p is not always increasing in g, it might be so for g large enough
compared to p. In this case, one could ask about the limit of λg,p for a fixed p,
as g → +∞. These are two specific instances of the following, more broadly
formulated question.
Question 13. For a fixed p > 1, what is the asymptotic behaviour of λg,p?
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